We present fully local versions of the minimally non-local nucleon-nucleon potentials constructed in a previous paper [M. Piarulli et al., Phys. Rev. C 91, 024003 (2015)], and use them in hypersperical-harmonics and quantum Monte Carlo calculations of ground and excited states of 3 H, 3 He, 4 He, 6 He, and 6 Li nuclei. The long-range part of these local potentials includes oneand two-pion exchange contributions without and with ∆-isobars in the intermediate states up to order Q 3 (Q denotes generically the low momentum scale) in the chiral expansion, while the short-range part consists of contact interactions up to order Q 4 . The low-energy constants multiplying these contact interactions are fitted to the 2013 Granada database in two different ranges of laboratory energies, either 0-125 MeV or 0-200 MeV, and to the deuteron binding energy and nn singlet scattering length. Fits to these data are performed for three models characterized by long-and short-range cutoffs, R L and R S respectively, ranging from (R L , R S ) = (1.2, 0.8) fm down to (0.8, 0.6) fm. The long-range (short-range) cutoff regularizes the one-and two-pion exchange (contact) part of the potential.
I. INTRODUCTION
The understanding of the structure and reactions of nuclei and nuclear matter has been a long-standing goal of nuclear physics. In this respect, few-and many-body systems provide a laboratory for studying nuclear forces with a variety of numerical and computational techniques. In recent years, rapid advances in ab initio few-and many-body methods, such as no-core shell model (NCSM) [1, 2] , coupled cluster (CC) [3, 4] and hyperspherical harmonics (HH) [5] [6] [7] [8] expansions, similarity renormalization group (SRG) approaches [9, 10] , self-consistent Green's function techniques [11, 12] , and quantum Monte Carlo (QMC) methods [13] , in combination with the rapid increase in computational resources, have made it possible to test conventional theories and new ones, such as chiral effective field theory (χEFT), in calculations of nuclear structure and reactions.
During the last quarter century, χEFT, originally proposed by Weinberg in the early 1990's [14] , has been widely used for the derivation of nuclear forces and electroweak currents. Such a theory provides the most general scheme accommodating all possible interactions among nucleons, ∆ isobars, and pions compatible with the relevant symmetries-in particular chiral symmetry-of low-energy quantum chromodynamics (QCD), the underlying theory of strong interactions. By its own nature, χEFT is organized within a given power counting scheme and the resulting chiral potentials (and currents) are systematically expanded in powers of Q/Λ χ with Q Λ χ , where Q denotes generically a low momentum and Λ χ ∼ 1 GeV specifies the chiral-symmetry breaking scale (see Refs. [15, 16] for recent review articles).
The power counting of χEFT indicates that nuclear forces are dominated by nucleonnucleon (N N ) interactions, a feature which was already known before χEFT was introduced but could be justified more formally with the advent of such a theory [14] . Many-body forces are suppressed by powers of Q; however, the inclusion of three-nucleon forces (3N )
is mandatory at the level of accuracy now reached by few-and many-body calculations (see [17, 18] and references therein for a comprehensive review on this topic). Being the dominant contribution of the nuclear forces, a great deal of attention has been devoted to the derivation and optimization of N N interactions.
About a decade ago, N N interactions up to next-to-next-to-next-to-leading order (N3LO or Q 4 ) in the chiral expansion were derived [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] and quantitative N N potentials were developed [29, 30] at that order. These N3LO N N interactions are separated into pionexchange contributions and contact terms. Pion-exchange contributions represent the longrange part of the N N interactions and include at leading order (LO or Q 0 ) the well-known static one-pion-exchange (OPE) potential and at higher orders, namely next-to-leading (NLO or Q 2 ), next-to-next-to-leading (N2LO or Q 3 ) and N3LO, the two-pion-exchange (TPE) potential due to leading and sub-leading πN couplings. These sub-leading chiral constants can consistently be obtained from low-energy πN scattering data [28, 31, 32] .
Also three-pion-exchange (3π) shows up for the first time at N3LO; in Refs. [21, 22] , it was demonstrated that the 3π contributions at this order are negligible. More recently two-and three-pion exchange contributions that occur at N4LO (Q 5 ) [33, 34] and N5LO (Q 6 ) [35] have been investigated.
Contact terms encode the short-range physics, and their strength is specified by unknown low-energy constants (LECs). In order to fix these LECs, N N chiral potentials have been confronted with the pp and np scattering databases up to lab energy of 300 MeV. These databases have been provided by the Nijmegen group [36, 37] , the VPI/GWU group [38] , and more recently the Granada group [39] . In the standard optimization procedure the potentials are first constrained by fitting np and pp phase shifts, and then the fit is refined by minimizing the total χ 2 obtained from a direct comparison with the N N scattering data.
Entem and Machleidt [29] used their N3LO chiral potential to fit pp and np scattering data in the Nijmegen database up to laboratory energy of 290 MeV with a total χ 2 /datum of 1.28.
Other available chiral potentials [30] have not been fitted to scattering data directly but rather to phase shifts obtained in the Nijmegen analysis (the recent upgrade [34] of Ref. [30] relies on this procedure, while in Refs. [33, 35] a study of peripheral phase shifts is carried out with two-and three-pion exchange contributions up to order Q 5 and Q 6 , respectively). [42] [43] [44] [45] . While QMC has had great success in predicting many nuclear properties, such as spectra, electromagnetic form factors, electroweak transitions, low-energy scattering and response, nevertheless it has been limited to realistic Hamiltonians based on the AV18
and U/IL models and other simpler local interactions. The reason is that local coordinatespace interactions are particularly convenient for QMC techniques, and the AV18 and U/IL models fall into this category, while many of the available N N chiral interactions have strong non-localities. These non-localities come about because of (i) the specific choice made to regularize the momentum space potential, and (ii) contact interactions that depend not only on the momentum transfer k = p − p but also on K = (p + p)/2 (p and p are the initial and final relative momenta of the two nucleons).
Local chiral interactions were developed up to N2LO (or Q 3 ) [46, 47] only recently. These interactions are regularized in coordinate space by a cutoff depending only on the relative distance between the two nucleons, and use Fierz identities to remove completely the dependence on the relative momentum −i ∇ (or equivalently K), by selecting appropriate combinations of contact operators. The LECs multiplying these contact terms have been fixed by performing χ 2 fits to the np phase shifts from the Nijmegen partial-wave analysis (PWA) up to 150 MeV lab energy. The resulting chiral potentials have been used in GFMC calculations for A ≤ 5 nuclei and AFDMC calculations of neutron matter [47] [48] [49] . While this Fierz re-arrangement is effective in completely removing non-localities at N2LO, it cannot do so at N3LO. As shown in Ref. [50] , operator structures depending quadratically on −i ∇ are unavoidable, and therefore the potentials constructed in Ref. [50] belong to the class of "minimally non-local" chiral potentials at N3LO.
In the present work we construct fully local versions of these minimally non-local N N potentials [50] by dropping the terms proportional to ∇ 2 , and use them in HH, VMC and [50] .
The strength of this long-range part is fully determined by the nucleon and nucleon-to-∆ axial coupling constants g A and h A , the pion decay amplitude F π , and the sub-leading N2LO
LECs c 1 , c 2 , c 3 , c 4 , and b 3 + b 8 , constrained by reproducing πN scattering data [28] . Note that the LEC (b 3 + b 8 ) is explicitly retained in our fitting procedure, even though it has been shown to be redundant at this order [51] .
Here and in what follows, we adopt the same values for pion and nucleon masses, F π , g A and h A and the sub-leading N2LO LECs as listed in Tables I and II of Ref. [50] .
The potential v L 12 can be written in coordinate space as a sum of 8 operators,
where [50] . The singularities at the origin are regularized by cutoff functions of the form
where three values for the radius R L are considered, R L = (0.8, 1.0, 1.2) fm with the diffuse-
The main difference between the potentials constructed in Ref. [50] and those in the current work lies in the operator structure of their short-range components, which we now take to have the form
where O l=1,..., 6 12 have been defined above,
and O l=12,..., 16 12 = T 12 , (τ
The parametrization above differs in two ways from that of the minimally non-local potential of Ref. [50] . The first difference concerns the p 2 terms
which are now absent in Eq. (4). The second difference has to do with the charge-symmetry breaking (CSB) piece of v
The radial functions v l S (r) are the same as those listed in Appendix B of Ref. [50] , and involve a local regulator (to replace the δ functions) taken as
where we consider, in combination with R L = (0. , and 11 at N3LO (Q 4 ). The remaining 6 are in its charge-dependent part: 2 at LO (one each from CIB and CSB), and 4 at NLO from CIB. The optimization procedure to fix these 26 LECs is the same as that adopted in Ref. [50] , and is discussed in the next section. It uses pp and np scattering data (including normalizations), as assembled in the Granada database [39] , the nn scattering length, and the deuteron binding energy. The minimization of the objective function χ 2 with respect to the LECs is carried out with the Practical Optimization Using no Derivatives (for Squares), POUNDerS [52] .
III. TOTAL χ 2 AND PHASE SHIFTS
We report results for the local potentials v 12 + v LO and NLO and from N2LO and N3LO. However, the quality of the fit worsens slightly in going from NLO to N2LO. At N2LO we fixed the chiral LECs, namely c 1 , c 2 , c 3 , c 4 and
, from the πN scattering analysis of Ref. [28] . In the range 0-125 MeV, the total Tables II and III, respectively . The values for the πN LECs in the OPE and TPE terms of these models are given in Table I of Ref. [50] .
The np and pp S-wave, P-wave, and D-wave phase shifts for potential models fitted up to The low-energy scattering parameters are listed in Table IV , where they are compared to experimental results [54] [55] [56] [57] [58] . The singlet and triplet np, and singlet pp and nn, scattering lengths are calculated with the inclusion of electromagnetic interactions. Without the latter, the effective range function is simply given by F (k 2 ) = k cot δ = −1/a + r k 2 /2 up to terms linear in k 2 . In the presence of electromagnetic interactions, a more complicated effective range function must be used; it is reported in Appendix D of Ref. [50] , along with the relevant references.
The static deuteron properties are shown in Table V and compared to experimental values [59] [60] [61] [62] . The binding energy E d is fitted exactly and includes the contributions (about 20 keV) of electromagnetic interactions, among which the largest is that due to the magnetic moment term. The asymptotic S-state normalization, A S , deviates less than 1% from the experimental data, and the D/S ratio, η, is ∼ 2 standard deviations from experiment for all models considered. The deuteron (matter) radius, r d , is under-predicted by about 0.2−1.0%. It should be noted that this observable has negligible contributions due to twobody electromagnetic operators [63] . The magnetic moment, µ d , and quadrupole moment, Q d , experimental values are underestimated by all models, but these observables are known to have significant corrections from (isoscalar) two-body terms in nuclear electromagnetic charge and current operators [63] . Their inclusion would bring the calculated values considerably closer to experiment. 
IV. HH AND QMC CALCULATIONS FOR LIGHT NUCLEI
The study of light nuclei is especially interesting since it provides the opportunity to test, in essentially exact numerical calculations, models of two-and three-nucleon forces. In this Table II but for potential 
A. The Hyperspherical Harmonics Method
The HH method uses hyperspherical-harmonics functions as a suitable expansion basis for the wave function of an A-body system. In the specific case of A = 3 and 4 nuclei, the corresponding ground-state wave functions Ψ J π A (J π being the total angular momentum and parity) can be expanded in the following way:
and
Here B and cos α 3 = x 3 /ρ 4 [67] .
In the present application of the HH method, the hyperradial functions are in turn expanded in terms of generalized Laguerre polynomials multiplied by an exponential function
with z = βρ A , β being a nonlinear parameter, and µ ≡ [K A ]. Introducing the above expansion in Eqs. (8) and (9), we can rewrite Ψ J π A in the compact form
where the (normalized) complete antisymmetric vectors are
The ground state energy E is obtained by applying the Rayleigh-Ritz variational principle, which leads to the following eigenvalue-eigenstate problem In VMC calculations, one assumes a suitably parametrized form for the antisymmetric wave function Ψ T of a given spin, parity and isospin and optimizes the variational parameters by minimizing the energy expectation value, E T ,
which is evaluated by Metropolis Monte Carlo integration [68] . The lowest value for E T is then taken as the approximate ground-state energy. Upper bounds to energies of excited states can also be obtained, either from standard VMC calculations if they have different quantum numbers from the ground state, or from small-basis diagonalizations if they have the same quantum numbers.
The "best" variational wave functions Ψ T for the nuclei studied in the present work have the form [69] 
where S is the symmetrization operator. The Jastrow wave function Ψ J is fully antisymmetric and has the (J π ; T ) quantum numbers of the state of interest, while U ij are the two-body correlation operators. The correlation functions in U ij are obtained by solving two-body Euler-Lagrange equations projected in pair spin S and isospin T channels, and for finite nuclei are required to satisfy suitable boundary conditions [69] . Since the calculations carried out here are with only two-body interactions, three-body correlations induced by three-body interactions are not explicitly accounted for in Ψ T .
In order to find the optimum Ψ T , the minimization of the energy expectation value and its associated variance are carried out with respect to the variational parameters. In the case of A = 6 nuclei, the optimization of the energies is subject to the constraint that the rms radii are close to the GFMC ones obtained with the AV18. This is because the best variational wave functions we have do not make p-shell nuclei stable against breakup into sub-clusters. The search for the best sets of variational parameters is performed by using the optimization tool NLopt [72] , a free open-source library for nonlinear optimization problems.
Given the best set of variational parameters, the trial wave function Ψ T can then be used as the starting point of a GFMC [70, 71] calculation which projects out of it the exact lowest energy state Ψ 0 with the same quantum numbers. The projection of Ψ 0 is carried out by evolving for long imaginary time τ = −i t
with the obvious initial condition |Ψ(τ=0) = |Ψ T . In practice the imaginary-time evolution operator exp[−(H −E 0 ) τ ] is computed for small time steps ∆τ with τ = n ∆τ , and is carried out with a simplified version H of the full Hamiltonian H. In the presence of only N N interactions the Hamiltonian H contains a charge-independent eight-operator projection,
, of the full two-body potential, constructed to preserve the potential in all S and P waves as well as the 3 D 1 and its coupling to the 3 S 1 .
The desired expectation values of ground-state and low-lying excited-state observables are then computed approximately by stochastic integration of "mixed" matrix elements [74] 
where O is the observable of interest to be evaluated. By writing Ψ(τ ) = Ψ T + δΨ(τ ) and neglecting terms of order [δΨ(τ )] 2 , one obtains an approximate expression for
where O V is the variational expectation value.
In the case of the Hamiltonian, since the propagator commutes with it, the mixed estimate (17) is itself an upper bound to the the ground-state energy E 0 and can be expressed as [74] 
Because the simpler H is used to generate the GFMC propagator the total energy is then computed by the mixed estimate of H plus the difference H − H M evaluated by Eq. (18).
Apart from the use of mixed estimates and H in the propagation, another source of systematic errors that affects GFMC calculations is the well-known fermion sign problem.
In essence this results from the fact that during the imaginary-time propagation bosonic noise gets mixed into the propagated wave function. This bosonic component has a much lower energy than the fermion component and thus is exponentially amplified in subsequent iterations of the short-time propagators. The desired fermionic component is projected out by the antisymmetric Ψ T when Eq. (17) is evaluated; however, the presence of large statistical errors which increase with τ effectively limits the maximum τ that can be used in the calculations. Since the number of pairs to be exchanged grows with the mass number A, the sign problem also grows exponentially with increasing A.
For spin-and isospin-dependent wave functions, the fermion sign problem can be controlled by a suitable constrained path approximation, which basically limits the initial propagation to regions where the propagated |Ψ(τ ) and trial |Ψ T wave functions have a positive overlap and discards those configurations that instead have a small or vanishing overlap (see Ref. [75] for details on this topic). To address the possible bias that the constrained path technique can introduce in the calculations, all the configurations (also those that would be rejected) for a small number of unconstrained time steps n uc are used when evaluating the expectation values. In general the number n uc is chosen to be as large as possible within a reasonable statistical error.
For phenomenological nuclear Hamiltonians (such those based on the AV18 potential) the constrained-path approximation was not necessary for calculations of A ≤ 4 systems, since the sign problem was quite mild for these light nuclei. On the other hand, it is essential for GFMC calculations with the N3LO N N chiral interactions of Sec. II, since the sign problem is far more severe for this category of potentials. The variational wave functions used for the VMC results include only spatial and spinisospin two-body correlations denoted by U ij as in Refs. [69, 74] ; the Jastrow wave functions for the s-shell (A = 3 and 4) and p-shell (A = 6) nuclei are also given explicitly in those references. For these calculations, the search in parameter space is made using COBYLA (Constrained Optimization BY Linear Approximations) algorithm available in the NLopt [72] library. The optimal parameters are found typically using runs of 100,000 configurations for the evaluation of matrix elements in Eq. (14) . When the optimal trial wave function is found, a long run with 1,000,000, 500,000, and 200,000 configurations is made in A = 3, 4 and In Table VIII The optimization of the 3 He ground state has been performed using as starting point the variational parameters for 3 H, but varying only the separation energies and tensor/central ratios-these parameters characterize the asymptotic boundary conditions imposed on the pair-correlation functions [69] . The calculated VMC energy, as shown in The minimization of the energy for the 6 Li ground state has been carried out by requiring the resulting proton rms radius, r p , to be close to the GFMC one obtained with the AV18.
For the excited states, we minimize their energies by requiring that these excited states have radii larger than the ground state. A similar optimization strategy has been adopted for the 6 He ground and excited states, except that we use as starting point the 6 Li variational parameters and vary only those parameters associated with the single-particle radial functions, φ p , in the Jastrow part of the trial wave function [74] .
V. SUMMARY AND CONCLUSIONS
In the present work we have constructed two classes of chiral potentials at N3LO, which are fully local in configuration space, for use (primarily) with HH and QMC methods. The two classes only differ in the range of lab energies over which the LECs in the contact interactions have been fitted to the N N database (as assembled by the Granada group), either 0-125 MeV (models a, b, and c) with χ 2 /datum 1.1 for a total of about 2700 data points or 0-200 MeV (models a, b, and c ) with χ 2 /datum 1.4 for about 3700 data points Tables II and III) .
A subset of the potentials-a, a, b, and b-have been used in HH, VMC, and GFMC calculations of binding energies and proton rms radii of nuclei with A = 2-6. The GFMC calculations are rather challenging owing to the serious fermion-sign problem associated with these potentials, even for s-shell nuclei ( 3 H, 3 He, and 4 He) (this problem becomes especially severe for models c and c, and they have not been used in the present work).
However, implementation of the constrained-path algorithm in the course of the imaginary- 
